The next-to-next-to-leading order (NNLO) corrections in massless perturbative QCD are derived for the parton distributions of the photon and the deep-inelastic structure functions F γ 1 and F γ 2 . We present the full photonic coefficient functions at order αα s and calculate the first six even-integer moments of the corresponding O(αα 2 s ) photon-quark and photon-gluon splitting functions together with the moments of the αα 2 s coefficient functions which enter only beyond NNLO. These results are employed to construct parametrizations of the splitting functions which prove to be sufficiently accurate at least for momentum fractions x > ∼ 0.05. We also present explicit expressions for the transformation from the MS to the DIS γ factorization scheme and write down the solution of the evolution equations. The numerical impact of the NNLO corrections is discussed in both schemes.
Introduction
The hadronic structure of the photon, in particular the deep-inelastic structure function F γ 2 , has attracted interest since the early days of perturbative QCD. Indeed, the leading-order (LO) corrections to the 'pointlike' parton-model result [1] were derived twenty-five years ago in ref. [2] , and the next-to-leading order (NLO) contributions followed a few years later [3] . These results, obtained in the framework of the operator product expansion (OPE) [4] , were recast in the language of evolution equations for the photon's quark and gluon momentum distributions in refs. [5] and [6] . An error in the NLO photon-gluon anomalous dimension was corrected ten years ago [7, 8] . Unlike the case of lepton-nucleon deep-inelastic scattering (DIS) [9 -15] , the next-to-next-to-leading order (NNLO) QCD corrections have not been addressed for the photon structure up to now.
So far the measurements of F γ 2 have been performed using the process e + e − → e + e − + hadrons at electron-positron colliders; see refs. [16] for recent overviews. While data from LEP have greatly improved the situation, an accuracy comparable to that achieved in lepton-hadron DIS can only be envisaged if eγ collisions will be realized via laser back-scattering [17] of one of the electron beams of a future linear collider [18, 19] . Important information on the photon structure can also be expected from photoproduction of jets at HERA, which has been treated at NLO thus far [20 -23] . The extension to NNLO is under way, e.g., the two-loop matrix element required also for hadronic collisions have been derived in refs. [24] using the pioneering results [25] for the scalar double box diagrams; the corresponding results with one external photon will be available soon [26] .
In this article we present, with one qualification concerning the splitting functions, the NNLO corrections for electron-photon DIS and the evolution of the parton densities of the photon in massless perturbative QCD. In Sect. 2 we extend the OPE analysis of the photon structure [2, 3] to the required accuracy: The partonic forward amplitudes for the scattering of a virtual photon (and of a fictitious scalar directly coupled only to gluons) off a real photon are expressed in terms of the anomalous dimensions and coefficient functions up to second order in the strong coupling constant. Our calculation of these amplitudes for the lowest six even-integer values of the Mellin variable, N = 2, . . . , 12, then facilitates the extraction of the corresponding anomalous dimensions (up to NNLO) and coefficient functions (up to the next-to-next-to-next-to-leading order, N 3 LO). The results for these quantities in the MS scheme are presented in Sect. 3 in numerical form, together with a brief discussion of the actual computation which closely followed the lines of refs. [11, 12] . The analytic expressions for these results can be found in Appendix A.
In Sect. 4 we switch to the parton language and specify the dependence of the photon-parton splitting functions and the photonic coefficient functions on the renormalization and factorization scales. After recalling the general factorization-scheme transformation, we then derive the NNLO corrections in the DIS γ scheme [8] and discuss the 'physical' kernel for the non-singlet evolution of the structure functions at large values of the Bjorken variable x. The NNLO solution of the evolution equations is also given in this section. Explicit x-space expressions for the photonic coefficient functions and the photon-parton splitting functions up to NNLO are presented in Sect. 5 . For the splitting functions we have to rely on our finite-N results of Sect. 3, thus we can only provide approximations analogous to those derived in refs. [13, 14, 15] for the three-loop QCD splitting functions. For the NNLO coefficient functions and the corresponding transformation of the splitting functions to the DIS γ scheme we present, besides the exact results (deferred to Appendix B for the latter quantities), also compact approximate expressions. In Sect. 6 we finally illustrate the numerical effect of the NNLO corrections on the evolution kernels and on the solution of the evolution equations. Our conclusions are presented in Sect. 7.
Moments: formalism and method
The subject of our calculation is inclusive hadron production in unpolarized electromagnetic (e.m.) deep-inelastic electron-photon scattering, e(k) + γ(p) → e(k ′ ) + X , (2.1)
where 'X' stands for all hadronic states allowed by quantum number conservation. The hadronic part of the corresponding amplitude is given by the (spin-averaged) tensor
with e µν = g µν − q µ q ν q 2
Here |Γ, p denotes the physical photon state (including a non-perturbative hadronic component) with momentum p, and J µ represents the e.m. quark current. q = k − k ′ is the momentum transferred by the electron, Q 2 = −q 2 , and x = Q 2 /(2p · q) is the Bjorken variable (0 < x < 1).
The longitudinal structure function F L is related to the structure function F 1 by F L = F 2 − 2xF 1 .
The optical theorem relates the tensor W µν in Eq. (2.2) to the forward amplitude T µν for the scattering of a virtual photon off a real photon, This quantity represents a convenient starting point for practical calculations, due to the presence of the time-ordered product of currents to which standard perturbation theory applies. In fact, the operator product expansion for this product and the subsequent application of a dispersion relation to Eq. (2.4) very closely follow the procedure for standard lepton-hadron deep-inelastic scattering discussed, for example, in refs. [10, 11, 27 ] to which we refer the reader for details. In the leading-twist sector addressed in this article, the only, but crucial difference to the lepton-hadron case is the presence of the spin-N twist-2 photon operators [2, 3] 
and their coefficient functions C N i,γ in addition to the usual quark (flavour non-singlet and singlet) and gluon operators, O ns , O q and O g , and their respective coefficient functions. D µ in Eq. (2.5) denotes the covariant derivative, and F µν represents the e.m. field strength tensor. The spinaveraged matrix elements of these (renormalized) operators are given by 6) where µ stands for the renormalization scale. It is understood in Eqs. (2.5) and (2.6) that the symmetric and traceless part is taken with respect to the indices in curved brackets.
Following the procedure for lepton-hadron DIS [10, 11, 27] , the even-integer Mellin-N moments of the structure functions
can then be expressed in terms of the parameters of the OPE,
Here and throughout the whole article we use the notation
for the strong and electromagnetic coupling constants. The present study addresses the higherorder QCD corrections to the photon structure functions F γ 2,L at the leading order of QED, a 1 em . Consequently the quantities entering the r.h.s. of Eq. (2.8) are only needed at their respective lowest e.m. orders, i.e., A Γ,γ and C i,p (p = ns, q, g) at a 0 em , and A Γ,p and C i,γ at a 1 em . The operators O α in Eq. (2.6) mix under renormalization. Expressing the renormalized operators in terms of their bare counterparts, this mixing can be written as
(2.10)
Here and in the next two equations the summation convention is used, and the range of all indices is as specified in Eq. (2.6) above. The anomalous dimensions γ αβ governing the scale dependence of the operators 11) are connected to the mixing matrix Z αβ in Eq. (2.10) by
Keeping only those terms which are relevant for the structure functions F γ 2,L at order a 1 em , the matrices Z and γ take the form
with the perturbative expansions (where k
In order to make practical use of Eq. (2.12) a regularization procedure and a renormalization scheme need to be selected. We choose dimensional regularization [28] and the modified [29] minimal subtraction [30] scheme, MS -the standard choice for modern multi-loop calculations in QCD. For this choice the running couplings in D = 4 − 2ǫ dimensions evolve according to
where β em and β s denote the usual four-dimensional beta functions of QED and QCD, respectively. β em does actually not enter the present calculation; for β s we employ the standard notation
with β 0 = 11 − 2/3 N f , where N f stands for the number of effectively massless quark flavours.
Inserting Eqs. (2.13)-(2.17) into Eq. (2.12) and solving for the photon-quark and photon-gluon renormalization factors Z nsγ , Z qγ and Z gγ we obtain, up to the desired order a em a 2 s ,
The photon-parton anomalous dimensions k ns , k q and k g can thus be read off order-by-order from the ǫ −1 terms of the corresponding renormalization factors, while the higher poles in 1/ǫ in Eqs. Due to the partly non-perturbative physical photon state |Γ, p , Eqs. (2.4) and (2.8) are not accessible to a perturbative computation. However, as the OPE represents an operator relation, the anomalous dimensions (2.15) and the coefficient functions (2.21) do not depend on this state. Hence, again closely following the procedure [10, 11, 12] for lepton-nucleon DIS, the calculation can be performed using a partonic photon state |γ, p . Instead of Eq. (2.4) we thus consider
At leading-twist accuracy the decomposition of T γγ µν into T 2,γ and T L,γ analogous to Eq. (2.2) is provided by
The N th moments are obtained from Eqs. (2.23) by applying the projection operator P N [31] ,
where q {µ 1 · · · q µ N } is the harmonic, i.e., the symmetric and traceless part of the tensor
This operator does not act on the coefficient functions C i,α and the renormalization constants Z αβ in Eq. (2.10), which are functions only of N , α s , α and ǫ. It does act, however, on the bare matrix elements A N γ,α (defined analogously to Eq. (2.6)) and eliminates all diagrams containing loops, as the nullification of p transform these diagrams to massless tadpole diagrams which are put to zero in dimensional regularization. This removes the operator matrix elements A N γ,p , p = ns, q, g, which only start at the one-loop level. Hence only the matrix elements A N, tree γγ of the photon operators (2.5) remain. These matrix elements are given by 25) where the factor (1 − ǫ) arises from the number of photon polarizations in D = 4 − 2ǫ dimensions. We thus arrive at
with i = 2, L. This relation, after expanding in powers of a em , a s and ǫ, provides a system of coupled equations which can be solved for the photon-parton anomalous dimensions and the photon coefficient functions. In particular, by computing T N i,γ to the order a em a 2 s , we can derive the desired coefficients k , on the other hand, cannot be determined in this manner since the gluonic coefficient function C i,g in Eq. (2.21), unlike its quark counterparts, starts at order a s only. This problem is overcome by considering, in addition to Eq. (2.22), another unphysical Green function T φγ where the virtual-photon probe is replaced by an external scalar field φ coupling directly only to gluons, see below.
The expansion of Eq. (2.26) to order a em a 2 s can be written as
The factor S ǫ = exp [ǫ{ln(4π − γ E }], where γ E denotes the Euler-Mascheroni constant, is an artefact of dimensional regularization kept out of the coefficient functions and anomalous dimensions in the MS scheme. The expansion coefficients T (l)
i,γ can be decomposed into flavour non-singlet (ns) and singlet (s) pieces,
, which collect the contributions proportional to the respective combinations of quark charges,
The pure-singlet (ps) contribution defined in the second line of Eq. (2.28) starts only at order a 2 s . Consequently the anomalous dimensions k 
The corresponding decomposition for the hadronic quantities reads
where the pure-singlet contributions are non-vanishing for l ≥ 1 (2) in the first (second) relation.
The explicit expressions for the first two singlet expansion coefficients in Eq. (2.28) in terms of the anomalous dimensions and coefficient functions are given by
2,q + c
The corresponding non-singlet relations are obvious as discussed below Eq. (2.29), hence they are not written out for brevity. The contributions at the order a em a 2 s read
2,ns + 1 2 k
ns a
Finally we derive the corresponding expressions for the unphysical flavour-singlet Green function T φγ (p, q) mentioned below Eq. (2.26). After application of the projection operator P N in Eq. (2.24) the moments of T φγ can be written as
The coefficient functions C φ,α have an expansion analogous to Eq. (2.21), but with C φ,g = O(1) and C φ,q = O(a s ). It is understood in Eq. (2.36) that the external gluon operator G µν G µν employed for the coupling to the scalar field φ has been renormalized according to [32] 
In Eq. (2.39) we have not written out the ǫ 0 term fixing the unphysical coefficient function c
φ,γ .
Moments: calculation and results
The calculation of the moments (2.26) and (2.36) of the Green functions T γγ and T φγ can be performed quite analogously to that of T γg and T φg in refs. [11, 12] (where these quantities are denoted as T gγgγ and T gφgφ ), to which the reader is referred for a more detailed discussion. Indeed, the Feynman diagrams contributing to T γγ (T φγ ) derive from a subset of those for T γg (T φg ): at three loops 117 (57) out of 366 (7162) diagrams contribute, respectively, using the counting of refs. [11, 12] . Despite this reduction we are not able to compute higher moments than obtained for the hadronic case in ref. [12] , as some of the most storage-consuming diagrams remain.
The moments N = 2, . . . , 8 have been calculated from scratch. The diagrams are generated using a special version of QGRAF [33] . The actual computation is done using optimized FORM [34] programs using the MINCER package [35] for the scalar three-loop integrals. The moments N = 2, 4 of T γγ and N = 2 of T φγ have been computed in an arbitrary covariant gauge, i.e., keeping the gauge parameter ξ in the gluon propagator, i [−g µν + (1 − ξ)q µ q ν /(q 2 + iǫ)]/(q 2 + iǫ) as a free parameter. The explicit cancellation of the gauge dependence in the anomalous dimensions and coefficient functions provides an important check of the results. The direct calculation of the moments N = 10 and N = 12 is rather time-consuming and requires running FORM on a computer with 64-bit architecture instead on a standard PC [12] . Therefore we have for these moments (and as a further check also for the lower moments) made use of the diagram database of ref. [12] by replacing the colour factors of T γg and T φg by those for our cases and then re-assembling the integrated results of all diagrams, thus sidestepping the involved parts of the computation. 
where the factors δ ns and δ s have been defined in Eq. (2.29), and
The corresponding results for the photon-gluon anomalous dimensions are given by
. The additional terms for µ 2 = Q 2 do not contain independent information, see the next section.
Parton distributions and evolution equations
In this section we outline the parton formulation of the photon structure (introduced in ref. [5] ) at the next-to-next-to-leading order (NNLO) of perturbative QCD. The number distributions of quarks and gluons in the fractional photon momentum x are denoted by q γ j (x, µ 2 f , µ 2 r ) and
, where the subscript j indicates the quark flavour. µ f represents the mass-factorization scale which, unlike in Sect. 2, is not generally identified with the coupling-constant renormalization scale denoted by µ r from now on. The photon's quark and antiquark distributions are equal due to charge conjugation invariance.
First we focus on the flavour-singlet distributions for which we use the notation
where Σ γ is the singlet quark density and N f , as before, stands for the number of effectively massless quark flavours. As in some other equations below, the dependence on x and the scales has been suppressed in Eq. (4.1). At lowest order in the electromagnetic coupling a em these distributions are subject to the evolution equations
where ⊗ represents the Mellin convolution in the momentum variable,
and the splitting-function matrices are given by
The NNLO expansions of the photon-parton and parton-parton splitting functions read
The notation for the coupling constants and β 0 has been defined in Eqs. (2.9) and (2.17) above, and we abbreviate the scale logarithms by
The expansion coefficients in Eq. (4.5) are related to the (even-integer N ) anomalous dimensions in Eq. (2.15) by
The x-space splitting functions, in turn, are uniquely fixed by the inverse Mellin transform if the anomalous dimensions are known for all even moments N .
The evolution equations for the non-singlet combinations of the photon's quark densities, viz
and linear combinations thereof, are obtained from Eqs. (4.2) and (4.5) by replacing P and P γ by their scalar non-singlet counterparts P + ns and P γ ij . The hadronic quantities P ±,V ns have been discussed, e.g., in refs. [13, 15] ; the splitting functions P γ ij are related to the non-singlet anomalous dimensions in Eq. (2.15) by 3(e
Due toq γ j = q γ j there are no combinations evolving with the splitting functions P − ns and P V ns here, unlike for the nucleon structure. Hence the calculation of e.m. DIS in Sect. 2 and Sect. 3, if extended to all moments, is sufficient to fix all NNLO splitting functions relevant to the photon structure. Note also that differences of quark densities of equal charge, like d γ − s γ , evolve like hadronic non-singlet distributions, i.e., without an inhomogeneous term in Eq. (4.2).
The anomalous dimensions k (l)N p , p = ns, q, g, for the next-to-leading order (NLO, l ≤ 1) evolution have first been written down in ref. [3] , their x-space counterparts P (1) pγ (x) in ref. [6] . 1 Both results are correct except for the constant-N (δ(1 − x)) term erroneously included in k
gγ (x)), an error which has been corrected in refs. [7, 8] . The a em a 2 s contributions P
pγ (x) to the photon-parton splitting functions are not completely fixed at present, as the moments N ≥ 14 remain uncalculated. Following the lines of refs. [13, 14, 15] , we will employ our six moments (3.1) and (3.3) to derive approximate results for P 
(4.12)
1 Our notation for the anomalous dimensions k pγ (x) are larger by a factor 2 l+1 than their counterparts k
p (x) in refs. [6, 7, 8] , where the expansion parameters are normalized as αj/2π, j = em, s, instead of Eq. (2.9).
The [29] . Also the second-order coefficients c (2) i,γ can readily be inferred from their gluonic counterparts c (2) i,g first calculated in ref. [9] ; explicit expressions will be presented in Sect. 5 below. The terms up to order a em a s contribute to F 
where c i,γ for µ f = µ r in Eq. (4.12) are obtained from these results by expanding a s (µ 2 f ) in terms of a s (µ 2 r ),
14)
The relations for the hadronic coefficient functions C i (x) corresponding to Eqs. (4.12)-(4.14) are given in Eqs. (2.16)-(2.18) of ref. [14] .
The decomposition ('factorization') of the r.h.s. of Eq. (4.10) into coefficient functions and parton densities is not unique beyond the leading order (LO), where the structure functions F γ i , i = 1, 2, are simply given by q γ,LO em + e 2 Σ γ,LO . Working, as always, at lowest order in a em , the general factorization scheme transformation (corresponding to a finite renormalization of the operators in Eq. (2.6)) of the singlet parton distributions (4.1) can be written as
Here Z γ , like q γ , is a two-component vector and Z a 2×2 matrix. It is sufficient to discuss the scheme transformations with all scales identified, hence we put µ 2 r = µ 2 f = Q 2 in the following. By virtue of Eq. (4.2), the evolution equations for the transformed distributionsq γ then read
The second term proportional to q γ in Eq. (4.16) and the second relation in Eq. (4.17) are the standard expressions for scheme transformations of hadronic parton densities.
Like their gluonic counterparts c (l)
i,g , the photonic MS coefficient functions c
i,γ are negative and singular for x → 1, the leading terms read A l ln 2l−1 (1 − x) with A l > 0. Unlike the gluon case, however, the behaviour of C i,γ enters the structure functions (4.10) directly, not via a regularizing convolution with a parton density. Hence, in the MS scheme, these singularities have to be compensated by the quark distributions which thus have to be rather different from the leading-order quantities at NLO and NNLO. Consequently the perturbative stability of the expansion in a s is more manifest in factorization schemes in which the photonic coefficient functions are removed as far as possible. The minimal modification of the MS scheme that removes (at µ 2 f = Q 2 ) this function for the most important structure function F γ 2 is the DIS γ scheme introduced in ref. [8] (for a further discussion see also ref. [36] ), where F γ 2 is written as
with the standard MS hadronic coefficient functions C 2,ns and C 2 . Eq. (4.18) is obtained for the transformation
2,γ + a s c
2,q ⊗ c since the photon's gluon density is much smaller than the quark distributions in this region and the pure-singlet contributions to both the splitting functions and the coefficient functions are strongly suppressed at large x (large N ), see, e.g., Eqs. (3.1) and (3.4) for the photonic quantities. This nonsinglet evolution can conveniently be recast in a form in which any dependence of the factorization scheme and the scale µ f is explicitly eliminated, viz
The perturbative expansions of the 'physical' evolution kernels I The kernels I γ i and K i for µ 2 r = Q 2 can be reconstructed from these relations by inserting the expansion of a s (Q 2 ) as a power series in a s (µ 2 r ). Eq. (4.22) has been taken over from ref. [19] 3 ; the hadronic contribution (4.23) has been discussed up to order a 5 s in ref. [39] . The LO splitting functions P We now turn to the NNLO solution of the evolution equation (4.2). Here we confine ourselves to the (sufficiently general) case of a constant ratio exp L R = µ 2 f /µ 2 r . In this case the 'U-matrix' technique, developed for the NLO hadronic evolution in ref. [40] and generalized to higher orders in refs. [41, 42] , can be applied. In what follows we use the abbreviations
and suppress all references to x or the Mellin variable N . It is understood that in x-space all products of quantities depending on x have to be read as Mellin convolutions (4.3).
The general solution of Eq. (4.2) can be decomposed as
with the boundary conditions
The homogeneous solution can be written as
We have taken the opportunity to correct the two misprints (one sign and one superscript in the a 2 s coefficient) in Eq. (14) of ref. [19] . These misprints have also been noticed in ref. [37] .
The expansion coefficients U k are complicated functions of the splitting-function matrices P (l≤k) in Eq. (4.5) and the coefficients β l≤k of the β-function (2.17) of QCD. A recursive explicit representation (see ref. [42] for a derivation) is given by
Here r ± denote the eigenvalues of R 0 in Eq. (4.28) and e ± the corresponding projectors, viz R 0 = r − e − + r + e + (4.30)
The matrices R k in Eq. (4.29) read R 1 = R 1 and
where P (k) represents the coefficients of a k+1 s in the second part of Eq. (4.5).
The coefficients U 1 and U 2 in Eq. (4.28) are required at NNLO. The quantities U k>2 , on the other hand, receive contributions from beyond-NNLO splitting functions, hence these terms can be left out. It is understood that then also U −1 (a 0 ) is expanded, and that all terms beyond second order in the coupling constant are removed in Eq. (4.27) . In this manner the spurious poles in Eq. (4.29) at N -values where r − − r + ± k vanishes are completely cancelled in the solution (4.27).
The inhomogeneous solution q γ inhom with the boundary condition (4.26) is given by 
where we have again only written out those terms which can be consistently [43] included at NNLO. The non-singlet solutions can be obtained from Eqs. 
NNLO quantities in x-space
We now proceed to the explicit x-space results for the photonic coefficient functions and the photonparton splitting functions required for the NNLO evolution. As far as our results are exact, we shall write them in terms of the harmonic polylogarithms H m 1 ,...,mw (x), m j = 0, ±1, introduced in ref. [44] to which the reader is referred for a detailed discussion. The lowest-weight (w = 1) functions H m (x) are given by
The higher-weight (w ≥ 2) functions are recursively defined as
In analogy to the notation for harmonic sums [45] , a useful short-hand notation is
For w ≤ 3 the harmonic polylogarithms can be expressed in terms of standard polylogarithms [46] ; a complete list can be found in appendix A of ref. [10] . A Fortran program for the functions up to weight four has recently been presented [47] .
For the convenience of the reader we recall, in this notation, the MS splitting functions and coefficient functions obtained previously [3, 6, 7, 8] . Henceforth suppressing the argument 'x' of the harmonic polylogarithms, the first and second-order splitting functions in Eq. (4.5) read 
2,g (x) [29, 40] ,
qg (x) and P
gg (x) [48] , in the latter case additionally keeping in mind that the off-diagonal quantity P (1) gγ (x) does not contain a δ(1 − x) contribution [7, 8] .
The same holds for the NNLO photonic coefficient functions not written down before. These functions can thus be inferred from the results of refs. [9, 10] [14] for the hadronic secondorder coefficient functions [9] , we also provide compact approximate representations of these results in terms of logarithms,
With deviations up to a few permille, Eqs. (5.9) and (5.10) can be parametrized by (p = ns, s)
In the MS scheme the small δ(1−x) contribution in the first relation (of course absent in the exact expression, but useful for obtaining high-accuracy moments and convolutions) is not relevant in x-space at the present accuracy in the electromagnetic coupling.
The O(a em a 2 s ) NNLO photon-parton splitting functions P
pγ (x), p = ns, ps, g -which are not related to their hadronic analogues by any simple substitutions -are not completely fixed by our results in Sect. 3. Therefore we resort, for the time being, to approximations analogous to those derived in refs. [13, 14, 15] for the hadronic parton-parton splitting functions. In the MS scheme adopted for our calculations, the leading-N f term of the NNLO photon-quark splitting function, for example, can be cast in the form
Here L 1 and L 0 are the end-point logarithms defined in Eq. (5.11), and f smooth is finite for 0 ≤ x ≤ 1. This regular function constitutes the mathematically complicated part of Eq. (5.13). See Eqs. (21)- (25) of ref. [44] for a systematic procedure (not applied in Eqs. (5.9) and (5.10) above) to extract the end-point terms of the harmonic polylogarithms entering the exact expression.
At NLO the leading large-x soft-gluon contribution, ln 2 (1−x), to P
nsγ cancels in the physical kernel (4.22) . Anticipating the same cancellation at NNLO, the coefficient A 4 in Eq. (5.13) can be inferred from the known splitting functions and coefficient functions. Besides this term we keep two of the remaining three large-x logarithms and two of the small-x logarithms in Eq. (5.13), and choose a two-parameter ansatz (a low-order polynomial in x) for f smooth . These parameters and the coefficients of the selected logarithms are then determined from the six coefficients of a 2 s N 0 f on the right-hand-sides of Eqs. (3.1). Varying all these choices we obtain about 50 approximations. The two representatives spanning the error band for most of the x-range, marked by 'A' and 'B' below, are finally selected as our estimates for P Finally the NNLO photon-gluon splitting function and its present uncertainty are parametrized by DISγ , the additional NLO (l = 1) contributions to the DIS γ splitting functions are given by [8] 
with p = ns, s. The corresponding NNLO terms can be parametrized as
where f ps has been defined in Eq. 
Numerical results in x-space
In this section we finally present the numerical impact of the NNLO corrections on the evolution of the photon's parton distributions and on the structure function F γ 2 . Concerning the evolution kernels we confine ourselves to the respective inhomogeneous contributions P γ and I γ 2 to Eqs. (4.2) and (4.21). The higher-order homogeneous (hadronic) non-singlet and singlet kernels have been discussed in detail in refs. [13, 39] and refs. [14] , respectively; see also ref. [49] for a recent brief summary using the updated NNLO singlet splitting functions [15] . Also our subsequent illustrations of the solution of the evolution equations are restricted to the photon-specific inhomogeneous piece (4.35) and its contribution to F γ 2 . For brevity the results are shown only with all scales identified, i.e., at µ r = µ f for the parton evolution and at µ r (= µ f ) = Q for F γ 2 . The experimentally elusive longitudinal structure function F γ L will not be addressed here. In Figs. 3 and 4 the singlet photon-quark splitting functions P qγ are displayed in the MS and the DIS γ factorization schemes. The NLO and NNLO curves are shown for α s = 0.2 which corresponds to a scale between about 20 GeV 2 and 50 GeV 2 , depending on the precise value of α s (M 2 Z ). After removing the charge factors δ ns and δ s defined in Eq. (2.29) only the NNLO terms depend on the number of flavours; the curves presented refer to N f = 4. In the MS scheme (Fig. 3 ) the NNLO corrections are small except for small and very large values of x, amounting to less than 2% for 0.1 ≤ x ≤ 0.95. Larger corrections for x → 1 are obvious since the NNLO splitting function P (2) ∼ ln 4 (1−x) is more singular in this limit than its NLO analogue, P (1) ∼ ln 2 (1−x). Likewise large NNLO effects are expected for small x due to the first non-vanishing pure-singlet term ∼ 1/x. The higher-order corrections to P qγ are somewhat larger in the DIS γ scheme (Fig. 4) due to the absorption of the large coefficient function C 2,γ (which, in particular, reverses the sign of the leading large-x contribution). Here the NNLO corrections, under the conditions specified above, reach +6% at x ≃ 0.6 and exceed −6% for x > 0.9. In the right parts of both figures the relative NNLO effects are also displayed (dotted curves) for the non-singlet splitting functions P nsγ , thus the pure-singlet effect can be directly read off from these figures. Also this effect is larger in the DIS γ scheme where it exceeds 1% at x < 0.3, instead of only at x < 0.15 in the MS scheme.
The corresponding results for the photon-gluon splitting functions xP gγ are shown in Fig. 5 . The relative NNLO corrections (not shown separately for these quantities) are larger than in the photon-quark cases. However, the absolute size of P gγ is much smaller than that of P qγ except at small x. In the MS scheme P gγ remains negative at x ≥ 0.2 at NNLO. In the DIS γ scheme, on the other hand, P gγ is positive at large x, but seems to turn negative at NNLO for x < 0.05. In Fig. 7 and Fig. 8 we present the inhomogeneous solutions α −1 em xf γ inhom , f = Σ, g, for the singlet-quark and gluon distributions. The NLO approximation derived already in ref. [8] is obtained from the NNLO expression (4.35) by removing the third line, the U 1 term in the second line and the U 2 contribution to the first line; for the LO result also the rest of the second line and the U 1 term in the first line have to be ignored. Like the NLO illustrations in refs. [7, 8] [38] for the N m LO evolution. Here and in Fig. 9 the (barely visible) differences of the NNLO A and NNLO B curves include the present uncertainties [39] of the hadronic NNLO splitting functions. The pattern of the NNLO corrections for the solutions roughly follows that of the corresponding splitting functions in Figs. 3 -6 . At this order µ 2 f = 50 GeV 2 is about the lowest scale where the inhomogeneous MS gluon density is positive over the full x-range.
Finally the structure functions F γ 2,inhom (x, Q 2 = 50 GeV 2 ) resulting from these parton densities (and their non-singlet analogues) are shown in Fig. 9 for the MS and the DIS γ schemes. In both cases we have taken care to avoid spurious higher-order contributions which would arise from a simple convolution of Eq. 
Conclusion
We have calculated the next-to-next-to-leading order QCD corrections to electron-photon DIS and to the evolution of the photon's quark and gluon distributions. Our exact results for the corresponding photon-parton splitting functions are presently confined to the first six even-integer moments. Thus the practical applicability of the NNLO evolution is, for the time being, restricted to not too small values of the Bjorken variable x. This restriction seems to be more serious here than in lepton-hadron DIS, as the photon-parton splitting functions enter the evolution equations directly, not via smoothening convolutions with non-perturbative initial distributions. Consequently the effect of these functions is accurately known over a considerably smaller range of x than that of their hadronic counterparts; a residual uncertainty of about ±1% or less is found for the total photonquark splitting functions at NNLO only at x > ∼ 0.05. However, only the perturbative component of the photon's parton densities is affected by this uncertainty, and while this component dominates at large x, it represents only a small correction to the hadronic (homogeneous) contribution at small x. We thus expect that our results are sufficient for extending NLO analyses like those of refs. [51 -54] to NNLO for the full x-range covered by the measurements at LEP.
Our present calculations are limited to effectively massless quarks, hence they do not apply to the charm and bottom contributions to the structure functions at small and intermediate scales.
These contributions have been computed at NLO in refs. [55, 56] ; corrected figures for F γ 2,charm have been presented in ref. [57] . The NLO effects are found to be fairly small for this quantity, indicating that the NNLO corrections may be rather negligible [57] . While a full massive NNLO calculation does not seem feasible at present, these corrections could be estimated using the threshold resummation as done for the lepton-nucleon case in ref. [58] .
By confining ourselves to the lowest order in the electromagnetic coupling we have assumed, as usual also in QCD analyses of lepton-hadron DIS, that the QED radiative corrections are treated elsewhere. The corresponding formalism has been set up in ref. [59] for measurements of the photon structure via the process e + e − → e + e − + X. The non-factorizable corrections due to photon exchange between to two electron lines have been shown to be negligible in ref. [60] , using a pseudoscalar as a simple model for the final state X. The dominant corrections arising from photon emissions of the 'tagged' electron line have been investigated for realistic measurements of the photon structure in refs. [61] . Neither of these studies has addressed the QED corrections to the subprocess γ * γ → X. We expect these corrections to be rather large, especially at the high scales which, hopefully, will become accessible to precise measurements in eγ collisions at the future linear collider. Such contributions can be included in our present formalism by extending the analysis to higher order of electromagnetism. This extension is left to a future publication.
Fortran subroutines of our NNLO coefficient functions and of the approximations of the NNLO splitting functions can be found at http://www.nikhef.nl/∼avogt. 
